We obtain parameters for non-orthogonal and orthogonal TB models from two-atomic molecules for all combinations of elements of period 1 to 6 and group 3 to 18 of the periodic table. The TB bond parameters for 1711 homoatomic and heteroatomic dimers show clear chemical trends. In particular, using our parameters we compare to the rectangular d-band model, the reduced sp TB model as well as canonical TB models for sp-and d-valent systems which have long been used to gain qualitative insight into the interatomic bond. The transferability of our dimer-based TB bond parameters to bulk systems is discussed exemplarily for the bulk ground-state structures of Mo and Si. Our dimer-based TB bond parameters provide a well-defined and promising starting point for developing refined TB parameterizations and for making the insight of TB available for guiding materials design across the periodic table.
I. INTRODUCTION
The discovery and design of materials requires the prediction of structural and functional properties for a given atomic structure and chemical composition. Density functional theory (DFT) enables accurate quantum mechanical simulations of the interatomic interaction and therefore became a standard tool in materials science. As the computational effort of DFT calculations is considerable and rises rapidly with system size, systematic searches for desired materials properties are often limited to small subsets of atomic structures and chemical compositions. Coarser models are required for searching large parameter spaces faster than DFT. These may be obtained from data analysis of DFT or experimental data sets (see e.g. Refs. [1, 2] ) or a direct simplification of DFT. The tight-binding (TB) bond model [3] [4] [5] is derived from a systematic coarse-graining of DFT by a second order expansion of the DFT functional with respect to the charge density and provides a robust and physically intuitive description of the interatomic bond.
TB models can be divided largely in two complementary groups, broad models to rationalize chemical and structural trends and specific parameterizations for modeling particular materials. Prominent representatives of the first group are the rectangular d-band model [6] and canonical TB models [7] [8] [9] [10] that have been successfully applied for qualitative analysis (see e.g. Refs. [10] [11] [12] [13] [14] ) and as the basis of machine-learning descriptors [15] , but cannot be employed for quantitative predictions. Examples of the second group include parameterizations of the NRL-TB formalism [16] , density functional tight-binding (DFTB) [17, 18] , or the GFN-xTB method [19] .
Here we parametrize the TB bond parameters with a downfolding procedure [20, 21] for all combinations of elements of period 1 to 6 and group 3 to 18. In Sec. II we summarize the procedure for downfolding the DFT wavefunction and for parameterizing the TB models. In Sec. III this is illustrated for the Si and Mo dimers. Trends across the elements and parameterizations are examined for homovalent dimers in Sec. IV and for heterovalent dimers in Sec. V. In Sec. VI we compare our parameterizations to available TB models. After a brief discussion of the transferability to bulk materials in Sec. VII, we conclude in Sec. VIII.
II. TB PARAMETERIZATION
The development of a TB bond model starts from a pairwise parametrization of the Hamiltonian matrix elements. In two-center approximation the number of independent matrix elements or bond integrals is significantly reduced by taking into account rotational invariance [22] . For a dimer in two-center approximation, we determined the Hamiltonian matrix in bond direction analytically as
where σ 0 , π ±1 and δ ±2 are block matrices. The required matrix elements are given in appendix A. We determine the numerical values of the matrix elements by employing a downfolding procedure that creates an optimized minimal basis from a multiple-ζ LCAO (linear combination of atomic orbitals) basis as developed [20, 21] and applied [23] [24] [25] [26] [27] recently. For our database of TB bond parameters we consider all elements from group 3 to group 18 in period 1 to 6 using the projector augmented wave (PAW) [28] datasets of GPAW [29, 30] except of Po, At, Tc and Lu, which were not available from GPAW. We assign the elements in group 3 to 11 an sp valence and the elements in group 12 to 18 an sd valence. Hydrogen and helium we consider as s-valent.
The TB matrix elements are then parameterized. All matrix elements are represented by a common functional arXiv:1909.04561v1 [cond-mat.mtrl-sci] 10 Sep 2019 form that is able to capture the details of the distance dependence for all the 1711 dimers that we considered. The parametrization of 8476 interatomic matrix elements for each TB matrix and 11310 onsite matrix elements for both, the orthogonal and non-orthogonal TB Hamiltonian matrix leads to 48048 matrix elements that are compiled in the supplemental material.
A. Downfolding
For downfolding the DFT wavefunction to a TB minimal basis we need to choose the DFT reference state. A self-consistent DFT wavefunction mixes effects of the selfconsistency from DFT into the TB Hamiltonian. This is undesirable as self-consistency should not affect the TB Hamiltonian. Therefore, we take the Harris-Foulkes (HF) approximation to DFT [31, 32] that is constructed from the electron density ρ (0) of overlapping free atoms as the reference state. The DFT Hamiltonian in HF approximation is given bŷ
with the ionic potential V ion , the Hartree potential V H , and the exchange-correlation potential V XC . The HF-DFT reference states of the dimers are created for interatomic distances from min 3/4R eq , 3Å to 8Å in steps of 0.05Å. The equilibrium bond length R eq is calculated for the homoatomic dimers by self-consistent DFT calculations and for heteroatomic dimers approximated by averaging the values of the homoatomic dimers. The calculations are carried out using GPAW with a nonspinpolarized grid basis, the PBE exchange-correlation functional [33] and PAW [28] datasets. For all calculations a constant grid spacing of h = 0.15Å is used.
For each bond distance of the dimers we apply a downfolding procedure [20] that starts by expanding the HF-DFT eigenstates |ψ n in a triple-ζ basis {|φ Ilmz },
where I labels the atom, lm the angular character and z the number of radial functions per orbital. A TB minimal basis with only one radial function per orbital is obtained from a linear combination of the triple-ζ basis functions for each angular character
This is achieved by numerical optimization of the coefficients k Ilmz that maximize the projection
with occupation numbers f n , number of valence electrons N e and the projection operator
In general we carried out the downfolding to the basis according to the PAW basis of GPAW. In the following we limit the basis to s, sp or sd matrix elements. To remove the excess orbitals, we separate the optimal minimal basis into basis functions to be included (TB) and not to be included (omit) in the final TB model
The optimal eigenstates in the reduced basis
are determined such that the relevant eigenvalues of the minimal basis Hamiltonian are reproduced while the change in the eigenstates is kept minimal. The TB Hamiltonian and the TB overlap is then computed as
and a corresponding orthogonal TB Hamiltonian is obtained by Löwdin transformation [34] 
B. Parametrization
The asymptotic behavior of the distance dependence of the Hamiltonian matrix elements is well described by an exponential decay. A function to parameterize the bond integrals should capture the asymptotic behavior and at the same time be sufficiently flexible to model the matrix elements at shorter interatomic distance. We choose to parameterize the bond integrals as a sum of exponentials,
with n 0 = 1. The diagonal onsite matrix elements are parametrized by the same functional form,
with λ 0 = 0, which sets the first term to a constant value. The parametrization was carried out using the following procedure :
• Define a threshold ∆ which is equal to the largest allowed quadratic difference between the fit and the raw data.
• Find the smallest interatomic distance up to which f 0 (R) can describe the raw data without exceeding the threshold ∆.
• Subtract f 0 (R) from the raw data and fit the remaining data with f 1 (R) up to the smallest interatomic distance for which the threshold ∆ is exceeded.
• Continue by increasing i to i max until the fit i f i (R) can accurately describe all data points up to min 3/4R eq , 3Å .
III. SI-SI AND MO-MO AS EXAMPLES OF sp-sp
AND sd-sd VALENT DIMERS
We show results for Si and Mo as representative examples of sp-valent and sd-valent dimers. Matrix elements for all dimers are available in the supplementary material. The distance dependence of the eigenvalues of the Si and Mo dimers as obtained from HF-DFT and the TB bond parameters are shown in Fig. 1 . A sp and sd valence was used for Si and Mo, respectively.
For Si, two σ-states that are formed predominately from combinations of the s-orbitals are lower in energy than the other two σ and four π-states that are formed largely from p-orbitals. The states of the π-block are two-fold degenerated. The TB eigenenergies are in good agreement with HF-DFT for large interatomic distances where the atomic orbitals are similar to those of free atoms. For shorter interatomic distances the agreement for the occupied states is also good while the TB eigenenergies of the unoccupied states show deviations from HF-DFT. The latter is a consequence of weighting the optimal projection with the occupation number (Eq. 5): The minimal basis, which cannot reproduce all states exactly, is chosen such that the occupied states are well reproduced.
The eigenvalues obtained with the TB bond parameters for the Mo dimer reproduces the HF-DFT reference very well, too. Compared to Si, the Mo dimer has four additional two-fold degenerated δ-states eigenvalues, and the HF-DFT p-valence-states are also shown in Fig. 1 .
The distance-dependence of the individual elements of the TB Hamiltonian matrix, the overlap matrix and the Löwdin-orthogonalized TB Hamiltonian matrix are shown in Fig. 2 . All matrix elements of the Si-Si dimer are parametrized with three exponential terms, i.e. i max = 2 in Eqs. 11 and 12, while six terms are used for the Mo dimer. This is a consequence of the comparably more complex eigenspectrum of Mo-Mo at small interatomc distances (Fig. 1) . 
IV. TREND ACROSS HOMOATOMIC DIMERS
In Fig. 3 we show the ssσ matrix element of the orthogonalized Hamiltonian for all homoatomic dimers of period 3p and 4d. The magnitude of the bond integrals from Al to Ar decreases by an order of magnitude. This is a consequence of the increasing nuclear charge across a similar overall behavior with a much smaller variation across the period while the range of the bond integrals is longer. A numerical measure of the range of the bond integrals is given by the coefficient λ 0 of our parametrization function (Eq. 11) that corresponds to an inverse decay length [6] . The values of λ 0 across the different periods are shown in Fig. 4 for the ssσ bond integral of the orthogonalized Hamiltonian. The inverse decay length of the homoatomic bond integrals across the different periods is well described by a linear relationship,
(except for few outliers [52] The fact that the values of m 0 are close for ddσ, ddπ and ddδ may be viewed as a justification for using the same inverse decay length for the ddσ, ddπ and ddδ bond integrals in the rectangular d-band model of Pettifor [6] . are slightly larger than our results for the 4d-period. This may reflect the faster decay of the two-center bond integrals in the bulk crystal due to screening by neighboring atoms [25, [35] [36] [37] . Figure 5 shows the inverse decay length λ 0 of the ssσ bond integral of orthogonal TB models for heteroatomic dimers of period 2 to 6. The value of λ 0 is determined by both, the period and the number of valence electrons of the two atoms. (The values for the dimers which include either Cr, Cu, Zr or Pd appear as outliers as discussed in [52] .) As expected from the results for the homoatomic dimers (Tab. I), we find that the sp-sp dimers exhibit the largest values of λ 0 , i.e. the shortest-ranged orbitals, and the largest variation across the period. The ssσ bond integrals of the heterovalent sp-sd dimers are longer ranged and similar to the sd-sd dimers. The variation of λ 0 for sp-sp and sd-sd dimers of elements of different periods is driven by the number of valence electrons of each atom. The change of λ 0 for sp-sd dimers, in contrast, is determined mostly by the number of valence electrons of the sd-element with little importance of the sp-element. The small variation of λ 0 for sd-sd dimers indicates that a TB model for sd-sd compounds could in good approximation assume a constant decay length of the orbitals across the period.
V. TREND ACROSS HETEROATOMIC DIMERS

VI. COMPARISON TO AVAILABLE TB MODELS
In the following we compare the parameterizations obtained in this work to available TB parameterizations. Simple TB models have been used for many years to rationalize observations from experiment or electronic structure calculations. We compare the results from our downfolding procedure to the reduced TB approximation and to canonical TB models for sp and d-valent materials. We further give a brief comparison to other TB methods, namely NRL-TB and DFTB.
A. Reduced TB approximation
The reduced TB approximation for sp-valent elements [38] [39] [40] approximates the spσ bond integral as geometric mean
of ssσ and ppσ. In Fig. 6 the spσ bond integral is compared to |ssσ| · ppσ for the the Si dimer. The reduced TB approximation is in qualitative agreement regarding the overall distance-dependence but underestimates the value of the spσ bond integral. As shown in the right hand panel of Fig. 6 , this observation generalizes to spvalent elements. The dimers are compared at a length of R = 2.5Å. The ratio spσ/ |ssσ| · ppσ across the spblock varies only slightly, except for elements of period 2p that do not have p core states. Overall a value of spσ ≈ 1.5 |ssσ| · ppσ would provide a better quantitative agreement with the downfolded spσ bond integrals.
FIG. 5:
Inverse decay length λ 0 for ssσ and orthogonal TB models across homoatomic and heteroatomic dimers.
B. Canonical TB models
Canonical TB models assume a constant relative ratio of the bond integrals in sp or d valent materials [7, 9, 10] . The canonical sp model of Cressoni and Pettifor [10] captures the structural trends across the sp-valent materials by assuming ppπ : ssσ : spσ : ppσ = −0.76 : −1 : 1.31 : 2.31 . (15) Further, the radial functions across the elements are taken to have the same radial decay, an approximation that does not agree with the systematic change of the inverse decay length across the elements discussed in Sec. IV. In the following we therefore determine the ratios of the bond integrals at a fixed bond length of R = 4Å. At this distance the decay of the matrix elements is well described by an exponential decay. The ratios of the bond integrals in an orthogonal TB model are shown in Fig. 7 . We divide the bond integrals by ppσ and multiply with the corresponding value of ppσ = 2.31 in the canonical model.
The ordering of the downfolded TB bond parameters is different from the canonical TB model. The relative ordering of the matrix elements is given by |spσ| is largest. For early sp elements, the ratio of ppπ and ssσ to ppσ are in good agreement with the canonical sp model, while the ratio of spσ : ppσ is considerably off. This changes for late sp elements, where the canonical TB model agrees for spσ but not ppπ and ssσ. We note that applying the reduced TB approximation (Eq. 14) to the canonical ratio of ssσ and ppσ leads to spσ/ssσ = 1.52, which improves the overall agreement with the downfolded dimer matrix elements. Simple canonical TB models for transition metals were shown to provide good structural energy differences for intermetallics across the transition metal series, see, e.g., [13, 14] . For transition metals two flavors of canonical TB models are used. Andersen et al. [7] assume ddσ : ddπ : ddδ = −6 : 4 : −1
while Turchi [9] uses ddσ : ddπ : ddδ = −2 : 1 : 0.
Both canonical TB models are compared to the numerical ratios of the dd matrix elements of orthogonal TB models in Fig. 7 , where the bond integrals were scaled to match ddσ = 6. Despite considerable variations in the downfolded TB matrix elements, we observe a good overall agreement with the two d-valent canonical TB models. The ratios of the downfolded bond integrals are close to the canonical TB model of Andersen et al. [7] particularly for the first half of the series and to the canonical model of Turchi [9] for the second half of the series.
C. NRL-TB and DFTB
We compare the TB parameters obtained in this work to NRL-TB [16] and DFTB [17, 18] . In the NRL-TB formalism, the repulsive interaction between atoms is modeled by a shift of the one-electron eigenvalues. Parametrization of the bond integrals for all homoatomic systems of the d-block [41] as well as a parametrization of ground-state structures across the periodic table [42] are available. These parameterizations were obtained by direct fitting of the Hamiltonian matrix elements to DFT reference data, which includes total energies and band structures [43] . In DFTB, pseudoatomic wave functions are defined using a confinement potential. The Hamiltonian matrix elements are computed in the two-center approximation from pseudoatomic wave functions. This corresponds to calculating the TB matrix elements from the pseudoatomic wave functions for a dimer Hamiltonian. The parameters of the confinement potential are optimized to reproduce selected reference data. A DFTB parametrization across the periodic table has been obtained by fitting the model parameters to unary bulk structures by Wahiduzzaman et al. [44] and the performance of the model parameters was tested for binary systems. Grimme et al. parametrized the GFN-xTB Hamiltonian across the periodic table [19] in a similar way.
Here, we compare our TB parameterizations to NRL-TB and DFTB for the Si dimer. The NRL-TB parameters for Si [45] were chosen to reproduce both the band structure and the total energy of different bulk structures. From the different parameterizations of DFTB [46] we choose the one that was optimized to experimental values for the band structure of bulk Si [47, 48] . In Fig. 8 we compare our non-orthogonal TB Hamiltonian and overlap matrix for the Si-Si dimer with the corresponding matrix elements for bulk Si in NRL-TB and DFTB. The Si-Si matrix elements in NRL-TB and DFTB decay faster with interatomic distance than the downfolded dimer matrix elements. This may be due to the contraction of the atomic orbitals in the bulk structures or a tight confinement potential. Our parameters of the Hamiltonian and even more so of the overlap matrix are closer to the DFTB than to the NRL-TB parameters.
VII. TRANSFERABILITY TO BULK
When atoms are grouped to form a bulk structure, we expect their valence states to contract and the overlap between two atoms to decrease due to screening contributions of neighboring bulk atoms. Therefore we must assume that the bond integrals obtained from dimers are not directly transferable to the bulk as they are too large in magnitude and range.
For a brief analysis of the prediction of the dimer bond integrals for bulk Si and Mo, we limit the range of the bond integrals by multiplication with a cut-off function,
with R cut = 4Å for Si, R cut = 6Å for Mo and d cut = 0.5Å for both elements .
In Fig. 9 we compare the electronic density of states (DOS) obtained by TB as implemented in BOPfox [49] and by self-consistent DFT using GPAW [29, 30] . The DOS obtained from our TB bond parameters for the Si dimer considerably overestimates the band width due to the neglect of screening contributions for the first neighbors. Nevertheless, the DOS is in good qualitative agreement with the results of Ref. [40] that used a projection of the self-consistent DFT eigenstates of bulk structures [21] . The TB model for Mo underestimates the width of the d-band but captures the bimodal character of the DOS that governs the structural stability of bcc Mo.
The TB bond parameters obtained in this work have already been used to construct models that capture phase transitions of bulk Ti [50] and the segregation of Re to partial dislocation in fcc Ni [51] . The respective refinements of the model parameters for the description of the relevant bulk phases required only moderate changes of the TB bond parameters for dimers obtained in this work.
VIII. CONCLUSIONS
We parametrize TB bond parameters for nearly all combinations of elements of period 1 to 6 and group 3 to 18 of the periodic table. By downfolding the dimer DFT wave function in the Harris-Foulkes approximation to a minimal basis, we obtain the non-orthogonal TB Hamiltonian matrix, the overlap matrix and the Löwdin-orthogonalized TB Hamiltonian matrix for 1711 homovalent and heterovalent dimers.
The TB eigenvalues compare well to their DFT reference over a wide range of interatomic distances. The TB matrix elements are smooth functions that are parameterized efficiently with only few exponential functions.
We demonstrate that the TB matrix elements follow intuitive chemical trends across the elements. By comparing to well-known qualitative TB models, we rationalize and point out the limitations of the rectangular d-band model, a reduced TB model for sp systems and canonical TB models for sp-valent and d-valent systems.
We briefly compare our parameterizations to NRL-TB and DFTB, a more detailed comparison requires taking into account the screening of the dimer bond integrals when they are immersed in the bulk.
The parameters for the 1711 dimers are provided in the supplemental material and may serve as the starting point for the parameterization of TB models with environmentally dependent matrix elements for transferability from free atoms to the bulk.
